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ABSTRACT
Connected Components is a fundamental graph mining problem

that has been studied for the PRAM, MapReduce and BSP models.

We present a simple CC algorithm for BSP that does not mutate

the graph, converges inO(logn) supersteps and scales to graphs of

trillions of edges.

CCS CONCEPTS
• Information systems → Graph-based database models;
• Information systems → Computing platforms; • Theory
of computation → Distributed algorithms; Graph algorithms

analysis;

KEYWORDS
connected components, label propagation, LPSC, graph algorithms,

distributed systems

1 INTRODUCTION
Computing connected components of a graph lies at the core of

many data mining algorithms and is a fundamental operation in

graph clustering. Sequentially, connectivity can be solved optimally

in linear time using breadth-first or depth-first traversals. The prob-

lem has been studied extensively in the past in the parallel context

[3, 5, 10, 16, 17, 19, 21, 25, 28, 30, 32, 35, 37, 39, 41, 43, 45, 46, 49].

Algorithms have been presented for shared-memory CPUs [6, 7,

29, 40, 44, 47, 54], distributed memory systems [8, 13, 14, 38] and

GPUs [9, 27, 55]. Many polylogarithimic-depth parallel connectivity

algorithms have also been proposed [18, 22–24, 48, 50]. In [53], a

particularly efficient, albeit O(log3 n)-depth single-machine algo-

rithm is presented that can compute CCs on graphs of 500 million

edges in a few seconds. Perhaps the most influential works in par-

allel CCs are [4, 52]. More recently, very large-scale CC algorithms

have been proposed [36, 42]. In particular, [36] reports results on

graphs of up to 550 billion edges. However the reported algorithms

are either presented on impractical models (such as PRAM), for
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single machines, or require new graphs to be generated after each

iteration. In this paper we present an algorithm for the BSP model

that converges in O(logn) supersteps, which is optimum and does

not mutate the input graph, which allows us to scale to graphs of

trillions of edges. We compare against many published algorithms

[33, 34, 36, 42, 51] and report many orders of magnitude speedups

while also scaling to graph sizes never before reported.

2 GRAPH PROCESSING FRAMEWORK
The proposed algorithm is implemented on Hronos, a Yahoo pro-

prietary in-memory / secondary-storage hybrid graph processing

system, developed in C++11 on top of Hadoop MapReduce. Hronos

has been used for many internal applications and has provided

significant speedups for classic Machine Learning algorithms [56].

Graph nodes, and their related information including edges, are ran-

domly placed on a set of partitions. Node-related state is maintained

in memory, while the graph itself, specifically a serialization of the

edges, can either be stored in memory or on disk. Messages originat-

ing from a source process are transparently buffered before being

sent to target processes, with buffering occurring separately for

each target partition. Each message contains an application-specific

payload. The framework can optionally [de]compress buffers on-

the-fly, transparently to the application. Communication across

partitions is performed via a large clique of unidirectional point-to-

point message queues.

The system builds on the following low-level communication

primitives: clique communication for graph level computations; and

one-to-all and all-to-one communication for partition-level com-

putations. It implements loading and storing of vertex information

through which it supports fault tolerance via check-pointing. Com-

putation proceeds in supersteps. Each superstep is executed as a

sequence of three primitives: a one-to-all communication primitive

that sends initialization parameters to all peers, a clique communica-

tion primitive that transmits edge messages, and an all-to-one com-

munication primitive that gathers partition-level results from the

peers to the master partition. Within each superstep, each partition

independently sends/receives messages to/from other partitions.

Messages towards a particular node can either be unidirectional,

or optionally request callback information from that node. The

superstep completes when all sent messages have been processed

and all partitions have signaled termination.

3 PROPOSED ALGORITHM
LetG = (V ,E) be an undirected graph onn = |V | nodes andm = |E |
edges. We assume that nodes are totally ordered; for simplicity of

presentation, V = {1, . . . ,n}. Let N (v) = {u |(v,u) ∈ E} be the

neighbors of v and N+(v) = N (v) ∪ {v}. Let ∆ (diameter) be the
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length of the longest shortest path between any two nodes in the

graph. Let li : V → V , i ∈ N be functions onV , or labels associated

with nodes, where l0(v) = v,∀v ∈ V is the identity function. The

Connected Components (CC) problem aims to assign labels c(v) to
each node v ∈ V such that c(u) = c(v) if and only if a path exists

between u and v .
Simple graph traversal (for instance, breadth–first traversal)

solves CC in O(m) time in the sequential case: While there ex-

ists an unvisited node v , a breadth-first traversal starts from v
and propagates its label l0(v) to all nodes reachable from v . This
algorithm suggests a similar parallel algorithm called label prop-
agation (LP): At each iteration i , each node v independently and

concurrently updates its label li (v) to the minimum label among

itself or its neighbors in the previous iteration: ∀v ∈ V : li (v) =
min{li−1(u)|u ∈ N

+(v)}.
While the sequential algorithm is optimum, LP examines every

edge in the graph at each iteration and there can be up to ∆ iter-

ations before convergence. For example, consider its behavior on

the following graph.

1 2 3 4

1 1 2 3

1 1 1 2

1 1 1 1

i = 0

i = 1

i = 2

i = 3

5 6

5 5

5 5

5 5

In graphs where ∆ is small, LP is very efficient. However, as ∆ can

be Θ(n), LP is not generally a practical algorithm, especially for

models of computation such as MapReduce where the startup cost

for each iteration is high.

Let us consider the following graph mutating operation. At

each iteration, each node v adds edges (u1,u2) for all nodes u1 ∈
N (v),u2 ∈ N (v). In essence, every path (u1,v,u2) of length 2 is

shortened to a direct edge between u1 and u2. Clearly the nodes

in a connected component will form a clique after at most ⌈logn⌉
iterations. A single LP iteration will then suffice to label all the

nodes in the connected component with the smallest label in it.

This classic operation is called path halving or pointer jumping
[31]. It allows us to bound the number of iterations to O(logn),
which is optimum, but it does so at a significant cost: In the worst

case, the resulting graph will contain Θ(n2) edges, while iterations
will become progressively slower. Moreover, even if the number

of edges did not increase prohibitively, mutating the graph itself

is a costly operation, because it either requires that the graph is

maintained in memory (for BSP) or that a new graph is generated

at every iteration (MapReduce.) For example, observe the behavior

of path halving on the line graph of 8 nodes on Figure 1. While the

number of required iterations for convergence reduces from 7 to 3,

the resulting graph contains

(
8

2

)
edges, up from 7.

Following, we will construct an algorithm that solves CC and

has the following desirable properties: (1) it converges in O(logn)
iterations; and (2) it only performs a single linear scan over the edges

of the graph per iteration, without mutating it. The first property

allows us to minimize the iterations initialization cost as well as the

communication cost. The second property is more crucial: Linear

scans from secondary storage are very efficient (in stark contrast

to random disk accesses.) Therefore we can maintain the graph
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Figure 1: Path halving on a line graph.

on disk, which in turn allows us to scale CC to significantly larger

graph instances than those reported in the literature.

The proposed algorithm is presented on Algorithm 1. It inter-

leaves two supersteps until convergence. The first step is the equiv-

alent of label propagation, executed in a manner that allows the

graph edges to be processed sequentially. The second step modi-

fies the node labels such that at most O(logn) label propagation
iterations will suffice for convergence.

First, let us examine the propagate superstep which corresponds

to LP. Instead of requiring that each node v queries its neighbors

for their label, we simply send its current label l(v) to all nodes in

N (v). When a nodeu receives a label messagem from a neighbor, it

updates its label to the minimum of its current value andm. Before

examining the second superstep, let us show that the algorithm

correctly identifies the connected components of a graph.

Theorem 3.1. Algorithm 1 assigns unique labels for each con-
nected component in the graph.

Proof. Les us assume that graphG is comprised of k connected

components cc j ⊂ V , j = 1..k . Initially each node is assigned a

unique label. Letmj be the minimum label among all nodes in cc j .
The first superstep simulates a Breadth-First traversal starting from

the nodes associated with labelsmj . For each connected component

j , after at most i iterations, all nodes reachable with paths of length

i from the node associated with labelmj , will update their label to

mj . Note that the second superstep never increases any of the labels.

Additionally, none of the labelsm used to update l(u) on Line 22

correspond to a node outside the respective connected component



Algorithm 1 Label Propagation with Short Cutting

1: function LPSC(G)
2: ∀v ∈ V : l ′(v) ← v
3: repeat
4: l ← l ′

5: propagate(G, l , l ′) ▷ label propagation

6: shortcut(G, l , l ′) ▷ short cutting

7: until l = l ′

8: return l
9: superstep propagate(G, l , l ′)
10: for all (u,v) ∈ E do
11: send l(u) to v

12: for all received messagesm to u do
13: l ′(u) = min(l ′(u),m)

14: superstep shortcut(G, l , l ′)
15: for all u ∈ V do ▷ send messages

16: if l ′(u) < l(u) then
17: send l ′(u) to l(u)

18: request l(l ′(u)) from l ′(u) ▷ send requests

19: for all requests from v to u do ▷ receive requests

20: send l(u) to v

21: for all messagesm to u do ▷ receive messages

22: l ′(u) = min(l ′(u),m)

of u. Therefore their values will always be at leastmj for all nodes

in cc j . □

Let us now examine the behavior of the shortcut superstep.

Initially, labels l(v) = v . During the execution of the algorithm, l(v)
is either decreasing or stays the same. Therefore, at any given point,

a sequence of nodes v, l(v), l(l(v)), · · · ,u will never repeat itself

because of the invariant v ≥ l(v). We formulate the directed parent
graphGp = (V ,E

′) where E ′ contains all edges of the form (v, l(v)).
Each node has a single outgoing edge towards its “parent” node,

and as shown before, the graph is cycle-free (ignoring self-loops.)

Therefore Gp is a forest graph. Before convergence, the nodes of

each connected component on the graph form a set of trees. After

convergence, each connected component will correspond to a star

(a single tree of height 1.)

The shortcut superstep performs a dual role. First, it performs

pointer jumping onGp towards nodes with smaller labels (on Lines

18, 20 and 22.) In a single iteration, pointer jumping can reduce the

height of a tree of height h to ⌈h/2⌉. Therefore, an individual tree

will be converted into a star in at most ⌈logn⌉ iterations. Second,
whenever the label of a nodev gets updated to a smaller value l ′(v),
node v informs its previous parent l(v) of the new value (on Lines

17 and 22.) Trees are connected through edges on the original graph,

and therefore are merged together via propagate. Specifically, for

a given edge (u,v) ∈ E, the subtree rooted at l(u) will be attached
to l(v) if l(v) < l(u) at some point during the execution of the

algorithm. Following, we show that O(logn) iterations suffice for

converting all trees to stars in the presence of tree mergings.

Theorem 3.2. Algorithm 1 converges in O(logn) iterations.

Proof. Let us consider the path that is followed by the algorithm

that connects an arbitrary nodev to the root node r of its connected
component. As the sequence of labels l(v) of v is decreasing, the

length of the path is bounded by n. Edges in E ′ are solid, while

edges in E that are exercised by the algorithm are dashed.

v r

All contiguous solid edges subpaths will be reduced to stars in

at most ⌈logn⌉ iterations. During these iterations, dashed edges

may be exercised, leading to merging of the corresponding trees.

In the worst case, such tree merges will be delayed at most until

all trees have been converted to stars. At that point, a single tree

will be formed of depth at most n (since there can only be at most n
trees.) An additional ⌈logn⌉ iterations are sufficient for converting

this tree to a star. □

Following, we bound the number of messages processed by the

algorithm until convergence.

Theorem 3.3. Algorithm 1 processes O((m + n) logn) messages
until convergence.

Proof. Superstep Propagate processes O(m) messages while

superstep shortcut processes O(n) messages and the algorithm

converges in O(logn) iterations. □

Figure 2 depicts an example graph with Gp presented at the

beginning of the algorithm, and after each superstep of all iterations

until convergence. We observe that initially, the single connected

component is represented by 9 single-node trees. After the first

propagate, the same connected component is represented by two

trees that include nodes {3, 4, 5, 6, 7, 20} and {8, 10, 15} respectively.

At convergence, a single star represents the connected component.

3.1 Optimizations
3.1.1 Redundant Messages. We observe that sending label l(u)

from node u to node v (Line 11 on Algorithm 1) can reduce l ′(v)
(Line 13) only if the label of node u has itself been reduced com-

pared to the previous iteration. Otherwise, any possible effect of

l(u) to the label of node v has already occurred in the previous

iteration. Therefore, we only send messages on Line 11 when l(u)
has decreased. This optimization has a significant impact on execu-

tion times, especially during the later iterations of the algorithm in

which most nodes in a connected component have already detected

their minimum label.

3.1.2 Label Bucketing. Let us examine the behavior of LP on a

line graph of n nodes, where nodes have been assigned sequential

ids.

1 2 3 n− 1 n. . .

The algorithm will converge in n − 1 iterations. However, many

redundant label updates will be performed. In our example, node

i will be updated i − 1 times before it reaches its final value. If

the algorithm knew beforehand the set S of minimum labels cor-

responding to each of the connected components in the graph, it

would be possible to restrict propagation (i.e. message sending on

Line 11 on Algorithm 1) only to nodes whose labels are in S . Al-
though this is not possible, it would be meaningful to assume that
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Figure 2: Supersteps of the proposed algorithm on a simple graph of 9 nodes. Initially, the single CC is covered by 9 single-node
trees. After the first superstep, the trees are reduced to 2. After convergence, graph Gp is a single rooted star. Note that SC at
i = 1 never altersGp since pointer jumping occurs via l (Lines 18 and 20.) The algorithm remains valid even if l ′ is used instead.

S has a larger overlap with the set of k smallest labels compared

with a random subset of k labels. In this optimization, we run the

proposed algorithm twice: once restricting propagation to a small

subset of the smallest labels B, and once afterwards without any

restrictions. In our example, where S = {1}, B could be set to {1, 2},

which reduces the total number of label updates to 2n − 3 instead
of

(n
2

)
.

3.1.3 Label Ordering by Node Degree. Let us examine the be-

havior of LP for large degree nodes (for example, node 4 on the

following graph.)

1 2 3 4

5 6 7 8 9 10 11

In all iterations until node 4 detects the minimum label, it will

be propagating its current label to its neighbors. While this propa-

gation happens for all nodes, it is particularly expensive for large-

degree nodes. This optimization sorts nodes non-increasingly ac-

cording to their degree and assigns initial labels in this order. Fol-

lowing is a possible assignment of labels for the example graph.

11 2 3 1

5 6 7 8 9 10 4

While this optimization seems promising, we have not investi-

gated its impact on our algorithm and is presented here as future

work.

3.1.4 Label Request Aggregation at Source. Algorithm 1, as pre-

sented, contains a bottleneck. Let us assume than the largest com-

ponent on the input graph contains Θ(n) nodes. As the algorithm
progresses, and the nodes in Gp form a star rooted at the node v
with the smallest label, there will beΘ(n) request messages towards

v on Line 18. Although the total number of requests is alwaysO(n),
in this case the majority of these requests will be sent towards a

single partition (the partition that contains node v) and thus, the

algorithm is serialized at that point.

We realize that this weakness can in fact be converted to an

advantage for the proposed algorithm by performing the following

optimization: We modify the algorithm to only send out requests

for each unique l ′(u) on Line 18. We also maintain a list of nodes for

each unique request target, that are updated as soon as the response

(sent on Line 20) arrives. Consequently, onlyO(p) request messages

will be sent towards node v instead of Θ(n), where p ≪ n is the

number of partitions.

3.1.5 Large in-Degree Node Detection. We realize that request

aggregations are only necessary for root nodes of large in-degree

in Gp . Ideally we would like to apply aggregation only for those

nodes. However, without global synchronization information, each

partition does not know which are the large in-degree nodes on

other partitions. Nevertheless, since nodes are randomly distributed

across partitions, edges of the form (v, r ) in Gp will also be ran-

domly distributed among the p partitions. Therefore, it suffices to

detect the most frequent targets within each partition and apply

request aggregation only for those. However, computing target

frequencies requires O(|uniqueTarдets |) memory. Instead, we de-

tect all targets that cross a particular local frequency threshold,

by adopting a heavy hitters algorithm [12, 20]. Specifically, before

executing superstep shortcut at each iteration, we detect the k
(at most) targets whose frequency exceeds np/k locally in each

partition, where np is the number of nodes in partition p, and apply
request aggregation only for those. Heavy hitters is an efficient

linear algorithm that requires O(k) memory and O(np ) time.

4 EXPERIMENTAL RESULTS
We report experimental results for the graphs on Table 1. R-Mat

graphs are synthetic power-law graphs [15] while Twitter [2], UK

[11], BTC [26] and CommonCrawl [1] are publicly available real-

world graphs. The Yahoo graph is a subset of Yahoo’s web graph. All

graphs are converted to bidirectional graphs: for every edge (u,v),
edges (u,v) and (v,u) are added and duplicate edges are removed.

All results are collected on a shared cluster of 128GB RAM, Intel

Xeon CPU E5-2620 v2 nodes (2x 12 cores) and 10Gbps interconnect.

We note that due to the large number of experiments and their long

execution times, average load on the cluster may vary, affecting

execution times by a small factor.

We compare with algorithms AltOpt [36], CCF [34], Cracker

[42], Hash2Min [51] and Pegasus [33], as implemented in Spark by



Table 1: Graphs

graph nodes edges
rMat22 2,394,731 130,289,234

rMat24 8,859,723 526,329,896

rMat26 32,762,582 2,119,388,092

rMat28 121,061,651 8,515,740,646

rMat30 447,070,684 34,164,226,400

rMat32 1,642,244,247 136,975,171,827

rMat34 6,004,895,462 548,797,112,715

Twitter 52,579,682 3,228,213,000

UK 131,837,068 9,694,060,460

BTC 303,152,123 1,682,860,224

CC2012 3,443,082,320 227,193,341,978

Yahoo 272,070,468,294 5,922,604,696,718

the authors of [42]. We also compare with our own Hadoop MapRe-

duce implementation of AltOpt [36]. Results for these algorithms

are presented on Table 3. Execution times are faster than what is

reported in [42]. We believe this is due to the fact that they collected

their results on a small cluster with 1Gbps interconnect. We observe

that Cracker is relatively faster and is the only algorithm able to

complete on rMat30 within the allotted 3 hour limit. However, we

can already detect their limits. None of these algorithms was able

to complete on the larger rMat graphs or on the CC2012, the largest

publicly available web graph.

We report results for Algorithm 1 on Table 2. In our case, we

limit resources to only 100 workers for graphs with fewer than

100 billion edges, 1000 workers for graphs with up to 1 trillion

edges and 5000 workers for the Yahoo web graph. To the best of

our knowledge, no other algorithm has been demonstrated to work

on graphs of trillions of edges. We report results without using the

bucket heuristic and with using a 0.01% bucket size. We complete

rMat30 in 178" and rMat34 in 537". rMat34 is the largest graph on

which [36] report results. While no absolute execution times are

presented in [36], they report that their algorithm completes in a

couple hours using several hundreds of cluster nodes (ie thousands

of workers.) Our algorithm completes in 341" for CC2012 and in

3808" for the Yahoo web graph.

Table 2: Results for Algorithm 1

graph P I T100% (sec) T0.01% (sec)

rMat22 100 5 1.72 1.32

rMat24 100 5 6.48 4.46

rMat26 100 5 28.26 19.66

rMat28 100 5 80.21 55.85

rMat30 100 5 328.61 177.73

rMat32 1000 6 215.01 139.87

rMat34 1000 6 784.55 536.95

Twitter 100 6 23.48 20.6

UK 100 21 108.47 94.5

BTC 100 14 89.79 42.7

CC2012 1000 13 475.89 341.44

Yahoo 5000 10 9112 3808
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bucket size) while it converges in 10 iterations split into 7
(when bucketing is used) and 3 (for the remaining nodes.)

We observe how the algorithm scales with the graph size on

Figure 3. For a fixed number of 100 workers, we report execution

times as the graph size increases and observe near-linear scaling.

We also present results for rMat30 by varying the number of work-

ers on Figure 4. On Figure 5, we study the effect of bucket sizing on

execution times. The bucket heuristic allows for approximately 2X

performance increase. On Figure 6 we present the effect of buck-

eting on the number of iterations. We present individual iteration

times, together with aggregate times both with and without buck-

eting. The bucketing heuristic generally increases performance by

reducing the execution times of the first few iterations, as expected.

Note that the total number of iterations increases, but the later ones

are typically much faster.

5 CONCLUSION
In this work, we presented a simple CC algorithm for BSP that does

not mutate the graph, converges in O(logn) supersteps and scales

to graphs of trillions of edges. The algorithm is practically orders

of magnitude faster compared to the state of the art and is able

to produce results for significantly larger graphs than previously

reported in the literature.
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